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Abstract
It was suggested that a tension between the mass-squared differences obtained
from the solar neutrino and KamLAND experiments can be solved by introducing the
non-standard flavor-dependent interaction in neutrino propagation. In this paper we
discuss the possibility to test such a hypothesis by atmospheric neutrino observations
at the future Hyper-Kamiokande experiment. Assuming that the mass hierarchy is
known, we find that the best-fit value from the solar neutrino and KamLAND data
can be tested at more than 8 σ, while the one from the global analysis can be
examined at 5.0 σ (1.4 σ) for the normal (inverted) mass hierarchy.
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1 Introduction
It is well established by solar, atmospheric, reactor and accelerator neutrino exper-
iments that neutrinos have masses and mixings [1]. In the standard three flavor
neutrino oscillation framework, there are three mixing angles θ12, θ13, θ23 and two
mass-squared differences ∆m231, ∆m
2
21. Their approximate values are determined as
(∆m221, sin
2 2θ12) ≃ (7.5 × 10−5eV2,0.86), (|∆m231|, sin2 2θ23) ≃ (2.5 × 10−3eV2,1.0),
sin2 2θ13 ≃ 0.09. However we do not know the value of the Dirac CP phase δCP,
the sign of ∆m231 (the mass hierarchy) and the octant of θ23 (the sign of π/4− θ23).
Future neutrino oscillation experiments with high statistics [2, 3] are planned to
measure these undetermined neutrino oscillation parameters and we are entering
an era of the precision measurements. With these precision measurements, we can
probe the new physics by looking at the deviation from the standard three flavor
neutrino mixing scenario.
Flavor-dependent neutrino NonStandard Interactions (NSI) have been studied
as the new physics candidates which may be searched at the future neutrino ex-
periments. There are two types of NSI. One is a neutral current nonstandard in-
teraction [4, 5, 6] and the other is a charged current nonstandard interaction [7].
The neutral current NSI affects the neutrino propagation through the matter effect
and hence experiments with a long baseline such as atmospheric neutrino and LBL
experiments are expected to have the sensitivity to the neutral current NSI. On
the other hand, the charged current NSI causes zero distance effects in neutrino
oscillation. In this paper, we concentrate on the effects of neutral current NSI in
neutrino propagation and study the sensitivity of the future atmospheric neutrino
experiments Hyper-Kamiokande to NSI with a parametrization introduced to study
solar neutrinos.
It was pointed out in Ref. [8] that there is a tension between the mass-squared
difference deduced from the solar neutrino observations and the one from the Kam-
LAND experiment, and that the tension can be resolved by introducing the flavor-
dependent NSI in neutrino propagation. Such a hint for NSI gives us a strong
motivation to study NSI in propagation in details.
In Ref. [9] it was shown that the atmospheric neutrino measurements at Hyper-
Kamiokande has a very good sensitivity to the NSI, on the assumptions that (i)
all the µ components of the NSI vanish and (ii) the (τ , τ) component is expressed
in terms of the other components as is suggested by the high energy atmospheric
neutrino data. In this paper we discuss the sensitivity of the atmospheric neutrino
measurements at Hyper-Kamiokande to NSI without the assumptions (i) and (ii)
mentioned above. Since the parametrization which is used in Ref. [8] is different
from the ordinary one in the three flavor basis, a non-trivial mapping is required to
compare the results in these two parametrizations. Our analysis was performed by
taking this non-trivial mapping into account.
Constraints on ǫαβ have been discussed by many people in the past. from atmo-
spheric neutrinos [10, 11, 12, 13, 14], from e+e− colliders [15], from the compilation of
various neutrino data [16], from solar neutrinos [17, 18, 19], from νee or ν¯ee scatter-
ings [20, 21], from solar and reactor neutrinos [22], from solar, reactor and accelera-
tor neutrinos [23]. The constraints on ǫee and ǫeτ from the atmospheric neutrino has
been discussed in Ref. [24] along with those from the long-baseline experiments, in
Ref. [25] by the Super-Kamiokande Collaboration, in Ref. [26, 27, 28] on the future
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extension of the IceCube experiment, in Ref. [29] on the future experiment with the
iron calorimeter or liquid argon detectors, with the ansatz different from ours.
This paper is organized as follows. In Section 2, we describe the current knowl-
edge and constraints on NSI in propagation from solar neutrinos and atmospheric
neutrinos. In Section 3, we study the sensitivity of the future atmospheric neutrino
experiment Hyper-Kamiokande to NSI. In Section 4, we draw our conclusions. In
the appendixA, we derive the relation between the two different parametrizations
of NSI.
2 Three flavor neutrino oscillation framework with
NSI
2.1 Nonstandard interactions
Let us start with the effective flavor-dependent neutral current neutrino nonstandard
interactions in propagation given by
LNSIeff = −2
√
2 ǫff
′P
αβ GF (ναLγµνβL)
(
fPγ
µf ′P
)
, (1)
where fP and f
′
P stand for fermions with chirality P and ǫ
ff ′P
αβ is a dimensionless
constant which is normalized by the Fermi coupling constant GF . The presence of
NSI (1) modifies the MSW potential in the flavor basis:
√
2GFNe

 1 0 00 0 0
0 0 0

→ A , (2)
where
A ≡
√
2GFNe


1 + ǫee ǫeµ ǫeτ
ǫµe ǫµµ ǫµτ
ǫτe ǫτµ ǫττ

 , (3)
ǫαβ is defined by
ǫαβ ≡
∑
f=e,u,d
Nf
Ne
ǫfαβ , (4)
and Nf (f = e, u, d) stands for number densities of fermions f . Here we defined the
new NSI parameters as ǫfPαβ ≡ ǫffPαβ and ǫfαβ ≡ ǫfLαβ+ǫfRαβ since the matter effect is sen-
sitive only to the coherent scattering and only to the vector part in the interaction.
As can be seen from the definition of ǫαβ , the neutrino oscillation experiments on the
Earth are sensitive only to the sum of ǫfαβ . We call the most general parametrization
(3) of NSI in the flavor basis the standard NSI parametrization in this paper. In
the three flavor neutrino oscillation framework with NSI, the neutrino evolution is
governed by the Dirac equation:
i
d
dx

 νe(x)νµ(x)
ντ (x)

 = [Udiag (0,∆E21,∆E31)U−1 +A]

 νe(x)νµ(x)
ντ (x)

 , (5)
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where U is the leptonic mixing matrix defined by
U ≡


c12c13 s12c13 s13e
−iδCP
−s12c23 − c12s23s13eiδCP c12c23 − s12s23s13eiδCP s23c13
s12s23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13

 , (6)
and ∆Ejk ≡ ∆m2jk/2E ≡ (m2j −m2k)/2E, cjk ≡ cos θjk, sjk ≡ sin θjk.
2.2 Solar neutrinos
In Refs. [8, 30] it was pointed out that there is a tension between the two mass
squared differences extracted from the KamLAND and solar neutrino experiments.
The mass squared difference ∆m221 (= 4.7 × 10−3eV2) extracted from the solar
neutrino data is 2σ smaller than that from the KamLAND data ∆m221 (= 7.5 ×
10−3eV2). The authors of Refs. [8, 30] discussed the tension can be removed by
introducing NSI in propagation.
To discuss the effect of NSI on solar neutrinos, we reduce the 3× 3 Hamiltonian
in the Dirac equation Eq. (5) to an effective 2 × 2 Hamiltonian to get the survival
probability P (νe → νe) because solar neutrinos are approximately driven by one
mass squared difference ∆m221 [8]. The survival probability P (νe → νe) can be
written as
P (νe → νe) = c413Peff + s413. (7)
Peff can be calculated by using the effective 2× 2 Hamiltonian Heff written as
Heff =
∆m221
4E
( − cos 2θ12 sin 2θ12
sin 2θ12 cos 2θ12
)
+
(
c213A 0
0 0
)
+ A
∑
f=e,u,d
Nf
Ne
( −ǫfD ǫfN
ǫf∗N ǫ
f
D
)
,
where ǫfD and ǫ
f
N are linear combinations of the standard NSI parameters:
ǫfD = c13s13Re
[
eiδCP
(
s23ǫ
f
eµ + c23ǫ
f
eτ
)]
−
(
1 + s213
)
c23s23Re
[
ǫfµτ
]
−c
2
13
2
(
ǫfee − ǫfµµ
)
+
s223 − s213c223
2
(
ǫfττ − ǫfµµ
)
ǫfN = c13
(
c23ǫ
f
eµ − s23ǫfeτ
)
+ s13e
−iδCP
[
s223ǫ
f
µτ − c223ǫf∗µτ + c23s23
(
ǫfττ − ǫfµµ
)]
. (8)
Ref. [8, 30] discussed the sensitivity of solar neutrino and KamLAND experiments
to ǫfD and real ǫ
f
N for one particular choice of f = u or f = d at a time. The best fit
values from the solar neutrino and KamLAND data are (ǫuD, ǫ
u
N ) = (−0.22,−0.30)
and (ǫdD, ǫ
d
N) = (−0.12,−0.16) and that from the global analysis of the neutrino
oscillation data are (ǫuD, ǫ
u
N ) = (−0.140,−0.030) and (ǫdD, ǫdN) = (−0.145,−0.036).
These results give us a hint for the existence of NSI. In addition to the above,
Ref. [8, 30] also discussed the possibility of the dark-side solution (∆m221 < 0 and
θ21 > π/4) which requires NSI in the solar neutrino problem. The allowed regions
for the dark-side solution are disconnected from that for the standard LMA solution
in the plane (ǫfD, ǫ
f
N) and those for the dark-side solution within 3σ do not contain
the standard scenario ǫfD = ǫ
f
N = 0.
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2.3 Atmospheric neutrinos
In this subsection, we describe the constraints on NSI from the atmospheric neutrino
experiments and introduce a relation between ǫee, |ǫeτ | and ǫττ and a matter angle
β. Atmospheric neutrinos go through the Earth and interact with electrons, up
and down quarks. In the Earth, the number densities of electrons, protons and
neutrons are approximately equal and hence those of up quarks and down quarks
are approximately the same. From these, one can define ǫαβ as
ǫαβ = ǫ
e
αβ + 3ǫ
u
αβ + 3ǫ
d
αβ , (9)
and we have the following limits [31] on ǫαβ at 90% C.L.:

|ǫee| < 4× 100 |ǫeµ| < 3× 10−1 |ǫeτ | < 3× 100
|ǫµµ| < 7× 10−2 |ǫµτ | < 3× 10−1
|ǫττ | < 2× 101

 . (10)
To investigate the sensitivity of the atmospheric neutrino experiment to ǫfD and
ǫfN , we have to convert ǫ
f
D and ǫ
f
N into ǫ
f
αβ because ǫ
f
D and ǫ
f
N are valid only in the
solar neutrinos analysis. ǫfD and ǫ
f
N are expressed in terms of ǫ
f
αβ as the following:
|ǫfeτ | =
sin
(
φfµτ
)
t13
sin
(
δcp + φ
f
eτ
)
s23
|ǫfµτ |+
sin
(
δcp + φ
f
eµ
)
t23 sin
(
δcp + φ
f
eτ
) |ǫfeµ|
−
sin
(
δcp + ψ
f
)
sin
(
δcp + φ
f
eτ
)
s23c13
|ǫfN |,
ǫfττ − ǫfµµ = 2

 cos φ
f
µτ
tan 2θ23
+
sinφfµτ
tan
(
δcp + φ
f
eτ
)
sin 2θ23

 |ǫfµτ |
+
sin
(
φfeµ − φfeτ
)
s23t13 sin
(
δcp + φ
f
eτ
) |ǫfeµ| − 2 sin(ψ
f − φfeτ)
sin(δcp + φ
f
eτ)s13 sin 2θ23
|ǫfN |,
ǫfee − ǫfµµ = 2

s223 − s213c223
c213

 cosφ
f
µτ
tan 2θ23
+
sin φfµτ
tan
(
δcp + φ
f
eτ
)
sin 2θ23


+
t213
t23
· sinφ
f
µτ
tan
(
δcp + φ
f
eτ
) − 1 + s213
2c213
sin 2θ23 cosφµτ

 |ǫfµτ |
+2

s223 − s213c223
s23 sin 2θ13
·
sin
(
φfeµ − φfeτ
)
sin
(
δcp + φ
f
eτ
) + t13s23 cos (δcp + φfeµ)
+
t13c23
t23
· sin(δcp + φ
f
eµ)
tan
(
δcp + φ
f
eτ
)
sin 2θ23

 |ǫfeµ|
−2

 s223 − s213c223
s13c
2
13 sin 2θ23
·
sin
(
ψf − φfeτ
)
sin
(
δcp + φ
f
eτ
)
+
t13
t23c13
· sin(δcp + ψ
f)
tan
(
δcp + φ
f
eτ
)

 |ǫfN | − 2c213 ǫ
f
D , (11)
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where ψf = arg(ǫfN ), φ
f
αβ = arg(ǫ
f
αβ) and tij ≡ tan θij . When we consider only one
particular choice of f = u or f = d at a time as in Ref. [8], from the definition of ǫαβ
(9), we cannot distinguish the case of f = u from that of f = d in the atmospheric
neutrinos analysis. Therefore we concentrate on only one particular choice of f = d
in this paper and then we have
ǫαβ = 3ǫ
d
αβ
φαβ ≡ arg (ǫαβ) = arg
(
ǫdαβ
)
ǫD = ǫ
d
D
ǫN = ǫ
d
N
ψ ≡ arg
(
ǫdN
)
. (12)
2.3.1 The case with ǫαµ = 0 (α = e, µ, τ)
It was pointed out in Refs. [32, 33] that if the µ components of ǫαβ are set to zero then
the high-energy atmospheric neutrino data, where the matter effects are dominant,
are consistent with NSI only when the following inequality is hold:
min
±
(∣∣∣∣1 + ǫee + ǫττ ±
√
(1 + ǫee − ǫττ )2 + 4|ǫeτ |2
∣∣∣∣
)
<∼ 0.4 , (13)
where the arguments of the absolute value on the left hand side are the two nonzero
eigenvalues of the matrix A in the absence of ǫαµ (α = e, µ, τ) component, and the
+ (−) sign in ± is chosen when 1 + ǫee + ǫττ is negative (positive). Notice that in
the limit of
min
±
(∣∣∣∣1 + ǫee + ǫττ ±
√
(1 + ǫee − ǫττ )2 + 4|ǫeτ |2
∣∣∣∣
)
= 0, (14)
ǫττ and |ǫeτ | satisfy a parabolic relation
ǫττ =
|ǫeτ |2
1 + ǫee
(15)
and hence ǫττ can be eliminated. In the limit of Eq. (15), the disappearance oscilla-
tion probability of the high-energy atmospheric neutrinos can be reduced to νµ ↔ ν ′τ
vacuum oscillation like two-flavor form (ν ′τ is a mixture of νe and νµ due to the pres-
ence of NSI) in spite of nonvanishing ττ component in the matter potential. This
means that the disappearance oscillation probability with NSI of the high-energy
atmospheric neutrinos is proportional to E−2
1− P (νµ → νµ) = sin2 2θatm sin2
(
∆m2atmL
4E
)
∝ 1
E2
(16)
as in the case of the standard two flavor neutrino oscillation framework.
Next let us introduce the matter angle β [32, 33] which determines the mixing
between the standard flavor basis νe,τ defined by the W-boson exchange interaction
and the modified flavor basis ν ′e,τ due to the presence of NSI with components
ǫαβ (α, β = e, τ). It is convenient to take the modified flavor basis in the discussion
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on the sensitivity of atmospheric neutrino experiments to NSI. The matter angle β
is defined as
tanβ ≡ |ǫeτ |
1 + ǫee
. (17)
In the case of SK for 4438 days analysis, the constraint to | tanβ| from the energy
rate analysis is given by | tanβ|<∼ 0.8 (at 2.5σ) [9]. If we rewrite the matter potential
as
A =
√
2GFNe


1 + ǫee 0 ǫeτ
0 0 0
ǫ∗eτ 0 |ǫeτ |2/(1 + ǫee)

 ,
then the allowed region which was obtained in Ref. [9] from the SK atmospheric
neutrino data at 2.5σ is
−4<∼ ǫee<∼ 4,
|ǫeτ |<∼ 3,
|ǫττ | = |ǫeτ |
2
|1 + ǫee|
<∼ 2 . (18)
Notice that the bound (18) on ǫττ is much weaker than what is obtained from the
two flavor analysis assuming only the νµ ↔ ντ transition [10, 11, 12, 13, 14, 25].
This is because in the two flavor analysis ǫee = ǫeµ = ǫeτ = 0 is assumed, and the
parabolic relation (15) would imply ǫττ ≃ 0 in this case.1
It is instructive to discuss the relation between the standard parametrization ǫαβ
and the set of the parametrizations (ǫfD, ǫ
f
N ) in the simplest case. In the simplest
case, we assume the parabolic relation (15) and set θ13 = 0, θ23 = π/4, which is a
good approximation to some extent. Then, introducing a new angle
tanβ ′ ≡ tanβ√
2
, (19)
we can derive the following relation (See AppendixA for the derivation and the
expression for a more general case.):
|3ǫN |
1/2− 3ǫD = tan 2β
′ . (20)
The region |ǫeτ |/|1 + ǫee| < tanβ , which is the area surrounded by the ǫeτ = 0 axis
and the straight line |ǫeτ | = tanβ |1+ǫee| with the gradient tan β and the x-intercept
ǫee = −1, is the allowed region in the (ǫee, |ǫeτ |) plane by the atmospheric neutrino
data under the assumption of the parabolic relation (15). The corresponding region
in the (ǫD, ǫN) plane is approximately given by the one surrounded by the ǫN = 0
axis and the straight line |ǫN | = tan 2β ′ |1/6− ǫD| with the gradient tan 2β ′ and the
x-intercept ǫD = 1/6.
1 Ref. [25] also performed a three flavor hybrid analysis with the ǫαβ (α, β = e, τ) NSI com-
ponents, and they obtained the bound |ǫττ |<∼ 0.15 (at 90%CL for ǫee = 1.5) which seems to be
stronger than (18). It is not clear whether the bounds on |ǫττ | in Ref. [25] and in Ref. [9] are
consistent with each other, since the analysis in Ref. [25] (full information of the zenith angle and
energy spectral bins is taken into account while the phase of ǫeτ is not taken into consideration
and they studied only the region −1.5 ≤ ǫee ≤ 1.5) is different from that in Ref. [9] (the phase of
ǫeτ is taken into account and the wider region −4 ≤ ǫee ≤ 4 was studied while the energy spectral
information is not taken into consideration).
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2.3.2 The case with ǫαµ 6= 0 (α = e, µ, τ)
From here we take into consideration all the components of ǫαβ including the µ
components, and lift the parabolic relation (15). Even in this case, because of the
strong constraints (10) on the ǫαµ components, the three eigenvalues of the matter
potential matrix A are approximately 0 and 1+ǫee+ǫττ±
√
(1 + ǫee − ǫττ )2 + 4|ǫeτ |2.
So most of the discussions in the previous subsubsection are approximately valid.
In particular, the constraint from the high energy data of the atmospheric neutrinos
can be approximately given by Eq. (13). We note that another derivation of the
relation (15) was given in Ref. [39]. The high-energy behavior of the disappearance
oscillation probability in the presence of NSI without switching off any ǫαβ can be
written as
1− P (νµ → νµ) ≃ c0 + c1
√
2GFNe
E
+O
(
1
E2
)
. (21)
This expression requires |c0| ≪ 1 and |c1| ≪ 1 so that the presence of NSI is consis-
tent with the high-energy atmospheric neutrino experiments data. The constraints
on c0 and c1 imply ǫeµ ≃ ǫµµ ≃ ǫτµ ≃ 0 and ǫττ ≃ |ǫeτ |2/(1 + ǫee).
3 Analysis
In this section we discuss the sensitivity of the Hyper-Kamiokande (HK) atmo-
spheric neutrino experiment whose data is assumed to be taken for 4438 days to
ǫD and |ǫN | with the codes that were used in Ref. [36, 37, 38, 9]. We assume that
the HK fiducial volumes are 0.56 Mton 2, and that the HK detector has the same
detection efficiencies as those of Super-Kamiokande (SK) and that HK atmospheric
neutrino data comprise the sub-GeV, multi-GeV and upward going µ events as in
the case of SK. As HK is the future experiment, the number of events calculated
with the standard three flavor oscillation scenario are used as the experimental data
for fitting. The reference values of oscillation parameters used in the calculation of
the experimental data are the following:
∆m¯231 = 2.5× 10−3eV2, sin2 θ¯23 = 0.5, δ¯CP = 0,
sin2 2θ¯12 = 0.86, sin
2 2θ¯13 = 0.1,∆m¯
2
21 = 7.6× 10−5eV2 , (22)
where the parameters with a bar denote those for the reference value of “the experi-
mental data”. The information on the zenith angle bins for the sub-GeV, multi-GeV
and upward going µ events are given in Ref. [35] while that on the energy bins is
not. We analyze with the ten zenith angle bins as in Ref. [35]. As the experimental
data is calculated by our codes, we can use any information on the energy spectrum
of the number of events and analyze with any number of the energy bins.
The analysis was performed using χ2-method and χ2 is defined as
χ2 = min
θ23,|∆m232|,δ,ǫαβ
(
χ2sub−GeV + χ
2
multi−GeV + χ
2
upward + χ
2
prior
)
, (23)
2 Recently there is a new design with the reduced fiducial volume (two tanks with the fiducial
volume 0.19 Mton each). However, decreasing of the number of events due to a reduced fiducial
volume can be compensated by the improvement of the detection efficiencies. Since the details
of the new design are not known, we will analyze the atmospheric neutrino measurements at
Hyperkamiokande with the parameters in the old design throughout this paper.
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where
χ2sub−GeV
= min
αs,β′s,γ′s
[
β2s1
σ2βs1
+
β2s2
σ2βs2
+
γ2L1
σ2γL1
+
γ2L2
σ2γL2
+
γ2H1
σ2γH1
+
γ2H2
σ2γH2
+
∑
A=L,H
10∑
j=1
{
1
nsAj(e)
[
αs
(
1− βs1
2
+
βs2
2
+
γjA1
2
)
N sAj(νe → νe)
+αs
(
1 +
βs1
2
+
βs2
2
+
γjA1
2
)
N sAj(νµ → νe)
+αs
(
1− βs1
2
− βs2
2
+
γjA1
2
)
N sAj(ν¯e → ν¯e)
+αs
(
1 +
βs1
2
− βs2
2
+
γjA1
2
)
N sAj(ν¯µ → ν¯e)− nsAj(e)
]2
+
1
nsAj(µ)
[
αs
(
1− βs1
2
+
βs2
2
+
γjA2
2
)
N sAj(νe → νµ)
+αs
(
1 +
βs1
2
+
βs2
2
+
γjA2
2
)
N sAj(νµ → νµ)
+αs
(
1− βs1
2
− βs2
2
+
γjA2
2
)
N sAj(ν¯e → ν¯µ)
+αs
(
1 +
βs1
2
− βs2
2
+
γjA2
2
)
N sAj(ν¯µ → ν¯µ)− nsAj(µ)
]2


 , (24)
χ2multi−GeV
= min
αm,β′s,γ′s
[
β2m1
σ2βm1
+
β2m2
σ2βm2
+
γ21
σ2γ1
+
γ22
σ2γ2
+
∑
A=L,H
10∑
j=1
{
1
nmAj(e)
[
αm
(
1− βm1
2
+
βm2
2
+
γj1
2
)
NmAj(νe → νe)
+αm
(
1 +
βm1
2
+
βm2
2
+
γj1
2
)
NmAj(νµ → νe)
+αm
(
1− βm1
2
− βm2
2
+
γj1
2
)
NmAj(ν¯e → ν¯e)
+αm
(
1 +
βm1
2
− βm2
2
+
γj1
2
)
NmAj(ν¯µ → ν¯e)− nmAj(e)
]2
+
1
nmAj(µ)
[
αm
(
1− βm1
2
+
βm2
2
+
γj2
2
)
NmAj(νe → νµ)
+αm
(
1 +
βm1
2
+
βm2
2
+
γj2
2
)
NmAj(νµ → νµ)
+αm
(
1− βm1
2
− βm2
2
+
γj2
2
)
NmAj(ν¯e → ν¯µ)
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+αm
(
1 +
βm1
2
− βm2
2
+
γj2
2
)
NmAj(ν¯µ → ν¯µ)− nmAj(µ)
]2


 , (25)
χ2upward = minαu

α
2
u
σ2α
+
10∑
j=1
1
nuj (µ)
[
(1 + αu)N
u
j (νe → νµ) + (1 + αu)Nuj (νµ → νµ)
+(1 + αu)N
u
j (ν¯e → ν¯µ) + (1 + αu)Nuj (ν¯µ → ν¯µ)− nuj (µ)
]2}
, (26)
χ2prior = ∆χ
2
prior
|ǫfeµ|2
|δǫfeµ|2
+∆χ2prior
|ǫfµτ |2
|δǫfµτ |2
. (27)
Where ∆χ2prior = 2.7 in χ
2
prior stands for χ
2 for 90%CL with 1 d.o.f. and |δǫfeµ| =
|δǫfµτ | = 0.05 stand for constraint on corresponding NSI at 90%CL, respectively.
The summation on j and A = L,H run over the ten zenith angle bins and the
two energy bins, respectively. The indices L and H stand for the lower (E < Eth)
and higher (E > Eth) energy bins, respectively. For all the zenith angle bins, the
threshold energy for the sub-GeV events is 0.5GeV and that for the multi-GeV events
is 3.2GeV. The threshold energy Eth is chosen so that the numbers of events for the
lower and higher energy bins are approximately equal. The experimental data naAj(α)
(a = s,m;α = e, µ) stands for the sum of the number of neutrinos and antineutrinos
events for the sub-GeV and multi-GeV events, and the experimental data nuj (µ)
stands for that for the upward going µ events. NaAj(να → νβ)(NaAj(ν¯α → ν¯β)) stands
for the prediction with our codes for the number of ℓβ-like events (ℓβ = e, µ) of the
sub-GeV and multi-GeV events and Nuj (να → νβ)(Naj (ν¯α → ν¯β)) stands for that
of the upward going µ events. αa (a = s,m, u) stands for the uncertainty in the
overall flux normalization for the sub-GeV, multi-GeV, and upward going µ events,
βa1 (βa2) stands for the uncertainty in the relative normalization between νe - νµ flux
(ν - ν¯ flux) for the sub-GeV (a = s) and multi-GeV (a = m) events, respectively,
and γ′s stand for the flavor and energy dependent relative normalization between
the upward and downward bins for the sub-GeV and multi-GeV events:
γjA1,2 =
{
γA1,2 (j ≤ jth;A = L,H)
−γA1,2 (j > jth;A = L,H)
γj1,2 =
{
γ1,2 (j ≤ jth)
−γ1,2 (j > jth).
Here jth = 3 is the index which separates the upward and downward bins and
determined in the investigation of the significance of the wrong mass hierarchy. We
have checked that the choice of the upward-downward separation index jth do not
affect the sensitivity to NSI significantly. We have set the systematic errors to the
same values as in Ref. [34]
σβs1 = σβm1 = 0.03,
σβs2 = σβm2 = 0.05,
σα = 0.2,
σγL1 = 0.005,
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σγL2 = 0.008,
σγH1 = 0.021,
σγH2 = 0.018,
σγ1 = 0.015,
σγ2 = 0.008, (28)
and omitted other systematic errors for simplicity. In particular, we confirmed that
taking a uncertainty in the Eν spectral index which is omitted in our analysis into
consideration gives negligible contributions to χ2.
Before moving on to the discussions on the sensitivity of HK to NSI, we investi-
gate the significance of the wrong mass hierarchy to check the validity of our codes.
The significance of the wrong mass hierarchy is calculated with different numbers
of the energy bins. We found that the significance calculated by our codes with two
energy bins in the contained events and one energy bin in the upward going µ events
is similar to the one in Ref. [2]. The more we increase the energy bins, the larger
significance of the wrong mass hierarchy becomes. In the case of the analysis of the
sensitivity to NSI, the allowed regions with more than two energy bins are smaller
than those with two energy bins. In this paper, therefore, we adopt two energy bins
in the contained events and one energy bin in the upward going µ events so that the
results are conservative.
The sensitivity of the atmospheric neutrino experiment to NSI which is parametrized
as (ǫD, ǫN ) is studied as follows.
1. Set a grid on the (ǫD, |ǫN |) plane.
2. Calculate a parameter set (|ǫeτ |, ǫee − ǫµµ, ǫττ − ǫµµ) via Eq. (11) for the given
point (ǫD, |ǫN |) on the grid varying ∆m231, θ23, δCP, |ǫeµ|, |ǫµτ |, ψ and φαβ.
3. Dismiss the parameter set if it does not satisfy any one of the following criteria:
|ǫeτ | ≤ 1.5 (29)
|ǫee − ǫµµ| ≤ 2.0 (30)
min
±
(∣∣∣∣1 + (ǫee − ǫµµ) + (ǫττ − ǫµµ)±
√
(1 + ǫee − ǫττ )2 + 4|ǫeτ |2
∣∣∣∣
)
≤ 0.4 (31)
4. Calculate χ2 for each parameter set which passed the criteria mentioned above
and then obtain the minimum value of χ2 for the given (ǫD, |ǫN |).
As mentioned in subsection 2.3, the atmospheric neutrino experiments constrain
the relation between ǫee, |ǫeτ | and ǫττ . Eq. (31) is still valid when we replace ǫee
with (ǫee − ǫµµ) and ǫττ with (ǫττ − ǫµµ). This replacement can be understood as a
redefinition of the standard NSI parameterization because one can always subtract
the modified MSW potential (3) by a matrix proportional to identity, say ǫµµ13×3,
as far as the oscillation probability is concerned. Therefore if the parameter set
(|ǫeτ |, ǫee − ǫµµ, ǫττ − ǫµµ) which is determined by the independent parameters dose
not satisfy Eq. (31), we can exclude it without fitting to the experimental data. In
addition to this criterion, we can also exclude the parameter set which dose not
satisfy Eq. (29) or Eq. (30). The criterions Eqs. (29) and (30) are justified by the
results in the previous work [9].
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In our analysis of the sensitivity to NSI, we assume that the mass hierarchy is
known because there may be some hints on the mass hierarchy determination by
the time HK accumulate the data for 4438 days. Variations in ∆m221, θ12 and θ13
give little effect on the sensitivity of HK to NSI, and hence we fix them as the same
values of the experimental data in fitting. Taking into account the constraints on
NSI given by the previous researches, we vary NSI parameters as follows:
0 ≤ |ǫdeµ| ≤ 0.05
0 ≤ |ǫdµτ | ≤ 0.05
0 ≤ φαβ < 2π
0 ≤ ψ < 2π. (32)
The results are shown in Fig. 1. The best fit values (ǫdD, ǫ
d
N) = (−0.12,−0.16)
for NSI with f = d from the solar neutrino and KamLAND data given by Ref. [8] is
excluded at 11σ (8.2σ) for the normal (inverted) hierarchy. In the case of NSI with
f = u, the best fit value (ǫuD, ǫ
u
N) = (−0.22,−0.30) is far from the standard scenario
(ǫD, ǫN) = (0.0, 0.0) compared with the case of f = u and also excluded at 38σ (35σ)
for the normal (inverted) hierarchy. On the other hand, the best fit value from the
global analysis of the neutrino oscillation data [8] (ǫdD, ǫ
d
N) = (−0.145,−0.036) for
NSI with f = d is excluded at 5.0σ (3.7σ) for the normal (inverted) hierarchy. In the
case of NSI with f = u, the best fit value (ǫuD, ǫ
u
N ) = (−0.140,−0.030) is excluded at
5.0σ (1.4σ) for the normal (inverted) hierarchy. Notice that the fermion subscript
f on ǫfD and ǫ
f
N is important in the case of the solar neutrinos analysis because the
number densities of up and down quarks are different in the Sun. On the other hand,
as mentioned above, in the case of atmospheric neutrinos the fermion subscript is not
important because the number densities of up and down quarks are approximately
the same in the Earth.
12
|ε N
|
εD
HK 4438 days(NH)
5σ
4.5σ
4σ
3.5σ
3σ
2.5σ
2σ
1.5σ
1σ
0.5σ
3σ d
90% CL d
3σ u
90% CL u
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
-0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3  0.4
|ε N
|
εD
HK 4438 days(IH)
5σ
4.5σ
4σ
3.5σ
3σ
2.5σ
2σ
1.5σ
1σ
0.5σ
3σ d
90% CL d
3σ u
90% CL u
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
-0.4 -0.3 -0.2 -0.1  0  0.1  0.2  0.3  0.4
Figure 1: The allowed region in the (ǫD, |ǫN |) plane from the HK atmospheric neu-
trino data for the normal hierarchy (left panel) and for the inverted hierarchy (right
panel). We calculated χ2 for (ǫD, |ǫN |) inside the area surrounded by dotted lines
and at the best fit points. The red (f = d) and black (f = u) circles indicate
the best fit point from the solar neutrino and KamLAND data [8] for NSI with
(ǫdD, ǫ
d
N) = (−0.12,−0.16) (red) and that for NSI with (ǫuD, ǫuN) = (−0.22,−0.30)
(black), respectively. In the case of the normal hierarchy, χ2 for the red and black
circles are 128.49 (11σ) and 1670.4 (38σ), respectively, and in the case of the inverted
hierarchy, χ2 for the red and black circles are 72.531 (8.2σ) and 1265.4 (35σ), respec-
tively. The red and black triangles indicate the best fit value from the global neutrino
oscillation experiments analysis [8] for NSI with (ǫdD, ǫ
d
N ) = (−0.145,−0.036) (red)
and that for NSI with (ǫuD, ǫ
u
N) = (−0.140,−0.030) (black), respectively. In the case
of the normal hierarchy, χ2 for the red and black triangles are 28.967 (5.0σ) and
28.2934 (5.0σ), respectively, and in the case of the inverted hierarchy, χ2 for the red
and black triangles are 4.1077 (1.5σ) and 3.7412 (1.4σ), respectively. The dashed
lines are the boundaries of the allowed regions from the global neutrino oscillation
experiments analysis. For reference, we plotted for both the cases with f = u and
f = d.
To compare our results with the one given in Ref. [8], we show the allowed regions
assuming real ǫN in Fig. 2. This is given by setting ψ = 0, π in Eq. (8), where δCP
and φαβ do not need to be 0 or π. As can be seen from Fig. 2, the allowed regions for
positive ǫN and for negative one are almost symmetric. We found that the allowed
regions in Fig. 1 are not so different from that in the upper plane of Fig. 2. Therefore
the sensitivity of the HK atmospheric neutrino experiment to ψ is poor.
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Figure 2: The allowed regions assuming real ǫN .
To see which bin contributes to χ2 most, we focused on the number of events
difference between the standard scenario and the scenario with NSI (the red and
black circle points in Fig. 1). Then we found that the multi-GeV µ-like events coming
from the below in the high-energy-bin most contributes to χ2. This is because
difference between the oscillation probability with NSI and without NSI is large
where the neutrino energy is above 10 GeV. We plotted the numbers of events for
the multi-GeV µ-like events in the high-energy-bin in Fig. 3.
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Figure 3: The number of the high-energy-bin multi-GeV µ-like events (the red and
green boxes are the standard scenario and the scenario with NSI, respectively). The
horizontal axis is the zenith angle bin (1 for −1.0 < cosΘ < −0.8, . . ., 10 for
0.8 < cosΘ < 1.0 ).
4 Conclusion
In this paper we have studied the sensitivity of the future HK atmospheric neutrino
experiment to NSI which is suggested by the tension between the mass squared
differences from the solar neutrino and KamLAND data. If nature is described by
the best fit point of the combined analysis of the solar neutrino and KamLAND
data, then HK will have an affirmative signal at more than 11σ (8σ) in the case of
the normal (inverted) hierarchy, while if she is represented by the best fit point of
the global analysis, then HK will have an affirmative signal at 5.0σ (1.4σ) in the
case of the normal (inverted) hierarchy. We have shown that the channel which is
most sensitive to NSI is the µ-like multi-GeV high energy bin. This is because the
matter effect becomes most important when the contribution of the mass squared
difference divided by the neutrino energy becomes comparable to the matter effect
GFNe.
The present study is the extension of our previous one [9] in the sense that all
the ǫαβ components of the NSI, including ǫeµ, ǫµµ and ǫµτ , are taken into account
and that ǫττ is not assumed to be dependent on other components.
In the process of our analysis, we have taken into account the mapping from
the standard parametrization ǫαβ (α, β = e, µ, τ) to the (ǫD, ǫN) parameters, which
were introduced for the solar neutrino study. In the simplest approximation in
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which ǫαµ (α = e, µ, τ), θ13 = 0 and θ23 = π/4, it was shown that the allowed region
|ǫeτ |/|1+ǫee|<∼ tan β in the standard parametrization from the atmospheric neutrino
data corresponds to the region |ǫN |/|1/6−ǫD|<∼ tan{2 tan−1(tanβ/
√
2)} in the (ǫD,
ǫN) plane.
It is remarkable that the tension, which was found in the low energy neutrino
data (Eν ∼ several MeV) of the solar and KamLAND experiments, can be tested
by the high energy neutrino data (Eν ∼ O(10) GeV) in the future atmospheric
neutrino experiments with high statistics through the matter effect.
A The relation between the standard parametriza-
tion ǫαβ and (ǫD, ǫN)
In this appendix we discuss the relation between the standard parametrization ǫαβ
and the set of the parametrizations (ǫfD, ǫ
f
N ) in the simplest case. For simplicity we
set θ13 = 0, θ23 = π/4, ǫαµ = 0 (α = e, µ, τ), which is a good approximation to some
extent. Then, noting that ǫαβ = 3ǫ
d
αβ and ǫD = ǫ
d
D, ǫN = ǫ
d
N , Eq. (8) becomes
3ǫD = −1
2
ǫee +
1
4
ǫττ (33)
3ǫN = − 1√
2
ǫeτ . (34)
The two nonvanishing eigenvalues of the matter potential λe′, λτ ′ in the unit of√
2GFNe are given by
(
λe′
λτ ′
)
=
1 + ǫee + ǫττ
2
±
√(
1 + ǫee − ǫττ
2
)2
+ |ǫeτ |2 ,
and they satisfy the following relations:
λe′ + λτ ′ = 1 + ǫee + ǫττ (35)
λe′ λτ ′ = (1 + ǫee) ǫττ − |ǫeτ |2 (36)
Assuming 1 + ǫee > 0, ǫττ > 0, we postulate the following approximate parabolic
relation:
λτ ′ =
1 + ǫee + ǫττ
2
−
√(
1 + ǫee − ǫττ
2
)2
+ |ǫeτ |2 = α (> 0) . (37)
From Eqs. (35) and (36) we have
λe′ = 1 + ǫee + ǫττ − α
=
(1 + ǫee) ǫττ − |ǫeτ |2
α
=
(1 + ǫee) ǫττ − |3
√
2ǫN |2
α
. (38)
From Eq. (33) we obtain
1 + ǫee = (1− 6ǫD) + 1
2
ǫττ . (39)
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Substituting Eq. (39) into Eq. (38), we get
1
α
{(
1− 6ǫD + 1
2
ǫττ
)
ǫττ − |3
√
2ǫN |2
}
= 1− 6ǫD + 3
2
ǫττ − α ,
which yields
ǫττ − α = − (1− 6ǫD) + α
2
+
{(
1− 6ǫD − α
2
)2
+ 4|3ǫN |2
}1/2
1 + ǫee − α = 1
2
(1− 6ǫD)− α
4
+
1
2
{(
1− 6ǫD − α
2
)2
+ 4|3ǫN |2
}1/2
.
It is easy to see that the last two equations satisfy
(1 + ǫee − α) (ǫττ − α) = 2|3ǫN |2 . (40)
Eq. (40), which is the eigenvalue equation for the two nonvanishing eigenvalues of the
matter matrix, should be satisfied because λτ ′ = α is one of the two nonvanishing
eigenvalues. Eq. (40) can be regarded as the generalized parabolic relation in the
case of nonvanishing α, and it reduces to Eq. (15) in the limit α→ 0.
Eq.(40) suggests that the matter angle in the case of nonvanishing α should be
defined as
tan β =
|ǫeτ |
1 + ǫee − α
=
∣∣∣3√2ǫN ∣∣∣
1/2− 3ǫD − α/4 +
{
(1/2− 3ǫD − α/4)2 + |3ǫN |2
}1/2 .
Here if we introduce a new angle
tanβ ′ ≡ tanβ√
2
,
then
tan β ′ =
|3ǫN |
1/2− 3ǫD − α/4 +
{
(1/2− 3ǫD − α/4)2 + |3ǫN |2
}1/2
=
− (1/2− 3ǫD − α/4) +
{
(1/2− 3ǫD − α/4)2 + |3ǫN |2
}1/2
|3ǫN | . (41)
From Eq. (41) we have
tan 2β ′ =
2 tanβ ′
1− tan2 β ′
=
2 |3ǫN |


√(
1
2
− 3ǫD − α
4
)2
+ |3ǫN |2 −
(
1
2
− 3ǫD − α
4
)

|3ǫN |2 −


√(
1
2
− 3ǫD − α
4
)2
+ |3ǫN |2 −
(
1
2
− 3ǫD − α
4
)

2
=
|3ǫN |
1
2
− 3ǫD − α
4
. (42)
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Eq. (42) implies that the allowed region of the atmospheric neutrino experiment with
the generalized parabolic relation (40) is the one surrounded by the ǫN = 0 axis and
the straight line |ǫN | = | tan 2β ′||1/2 − 3ǫD − α/4| with the gradient | tan 2β ′| and
the x-intercept ǫD = 1/6− α/12. In the limit α→ 0, Eq. (42) reduces to Eq. (20).
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